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a b s t r a c t
Let A be a finitely presented k[X]-algebra, where k[X] is the algebra of regular functions
on a variety X defined over an algebraically closed field k. The following problem arises
in the study of degenerations of algebras (Hajduk and Kasjan, in press [7]). Assume that
the specialization of A at x has finite dimension over k for every x from a dense subset
of X . Is there an open dense subset U of X such that the localization of A with respect
to U is a finitely generated k[U]-module? We prove that this is the case if k has infinite
transcendence degree over its prime subfield.We provide some applications to the concept
of generalized CB-degenerations.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let k be an algebraically closed field. By a variety wemean an affine k-variety. Let k[X] be the coordinate ring of a variety
X , that is, the algebra of regular functions on X and assume thatA is a k[X]-algebra. In this paper we consider the following
problem, having a flavor of a local–global principle: assume that the specializationsAx ofA are finite dimensional k-algebras
for all x from a dense subset of X . Is there an open dense subset U of X such that the localization of A to the subset U is a
finitely generated k[U]-module? The concepts of specialization and localization are explained below in Section 2.
The problem is motivated by investigations on generalizations of degenerations of algebras developed in [7].
It is clear that there is no chance for a positive answer to the question unless A is a finitely presented k[X]-algebra.
Actually, this condition is sufficient, provided the field k is large enough. Our main result is the following theorem.
Theorem 1.1. Assume that k is an algebraically closed field of infinite transcendence degree over its prime subfield. Let X be an
irreducible affine variety and letA be a finitely presented k[X]-algebra. Assume that there is a dense subset V ⊆ X such that the
specializationAx ofA at x has finite k-dimension for every x ∈ V . Then there exists nonzero f ∈ k[X] such that the localization
k[X]f ⊗k[X] A ofA is a finitely generated k[X]f -module.
The proof of Theorem 1.1 is given in Section 3. The proof uses the concept of generic points for affine varieties. For
the completeness, we prove necessary facts on generic points, we refer the reader to the classical book [11] for more on
that subject. Remark that generic points has appeared recently in the work [1]. In Section 4, we present applications to
generalized CB-degenerations in the sense of [7]. In Section 5, we discuss the difficulties which appear when we try to skip
the assumption of infinite transcendence degree. We do not know if Theorem 1.1 remains true without this assumption.
2. Definitions and preliminaries
Throughout this paper, R = k[X] is the k-algebra of regular functions on an affine variety X .
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Let B = R⟨T1, . . . , Ts⟩ be the free associative R-algebra with free generators T1, . . . , Ts. A degree of an element of
R⟨T1, . . . , Ts⟩ is defined in the usual way: the elements of R have degree zero and themonomial Ti1 . . . Tim , where i1, . . . , im ∈{1, . . . , s}, has degreem. We write Ti instead of Ti1 . . . Tim , if i denotes the sequence (i1, . . . , im).
Let I be a two-sided ideal inB generated by the elements F1, . . . , Fr . We denote byA the quotient algebraB/I.
Given x ∈ X , let φ : R⟨T1, . . . , Ts⟩−→k⟨T1, . . . , Ts⟩ be the ring homomorphism induced by the evaluation at x. We write
Ax for k⟨T1, . . . , Ts⟩/φ(I) and we call it the specialization ofA at x.
Let F ∈ B be an element of the formi aiTi, where Ti are monomials and ai ∈ k[X]. Given x ∈ X we denote by F x the
element

i ai(x)Ti ∈ k⟨T1, . . . , Ts⟩. Under this notation
Ax ∼= k⟨T1, . . . , Ts⟩/(F x1 , . . . , F xr ),
for x ∈ X; see [7].
Given an element h ∈ k[X] which is not a zero-divisor, we denote by k[X]h the localization of k[X] with respect to the
multiplicative system {1, f , f 2, . . .}, byBh the k[X]h-algebra k[X]h⟨T1, . . . , Ts⟩, by Ih the two-sided ideal ofBh generated by
F1, . . . , Fr and finallyAh = Bh/Ih. We remark thatAh ∼= k[X]h ⊗k[X] A.
3. Proof of Theorem 1.1
Let L be a subfield of k and n a natural number. A constructible set Y in kn is defined over L, if the ideal of polynomials
vanishing on Y is generated by polynomials with coefficients in L. For more on fields of definition of varieties we refer the
reader to [10, Chapter III].
The following lemma seems to be folklore.
Lemma 3.1. Assume that X is an irreducible algebraic variety defined over L and there are regular morphisms
C : X−→Mn×m(k), b : X−→kn,
defined over L for some natural number n.
(a) The set of the points y ∈ X such that the system C(y)x = b(y) has a solution is a constructible subset of X defined over L.
(b) If, in addition, there exists a dense subset D ⊆ X such that the system
C(y)x = b(y)
has a solution x ∈ km for any y ∈ D then the system is solvable over a localization of k[X]: there exists a nonzero element
h ∈ L[X] and an n-tuple x ∈ (k[X]h)m, both defined over L, such that
Cx = b
in (k[X]h)n.
Proof. (a) Apply the Kronecker–Capelli Theorem.
(b) The element h is a fixed maximal nonzero minor of C , treated as a matrix with coefficients in k[X]. 
Lemma 3.2. Let A be a free associative k-algebra with s free generators T1, . . . , Ts. Assume that I is a two-sided ideal in A such
that dimk A/I ≤ d for some natural number d. Then A/I is generated as a k-vector space by the I-cosets of themonomials of degree
less than d.
Proof. Let l ≥ d. It is enough to prove that any monomial τ = Ti1 . . . Til of degree l is a linear combination of monomials of
smaller degree modulo the ideal I . The I-cosets of
τ0 = 1, τ1 = Ti1 , τ2 = Ti1Ti2 , . . . , τl = τ = Ti1 . . . Til
are linearly dependent in A/I . Let s be the smallest natural number such that τs is a linear combination of τ0, . . . , τs−1
modulo I . Then τ is a linear combination of σ , τ1σ , . . . , τs−1σ modulo I , where σ = Tis+1 . . . Til . 
Let Y be a Zariski closed subset of kn defined over L.
According to [11, Chapter IV] a pointy is called a generic point of Y over L if the following two conditions (a), (b) are
equivalent, for any h ∈ L[x1, . . . , xn]:
(a) h(y ) = 0,
(b) h(y) = 0 for every point y ∈ Y .
Clearly, suchy does not exist in general.
The content of the following two lemmata seems to be well-known; we give the proofs in order to make the paper self-
contained.
Lemma 3.3. Assume that L is an algebraically closed subfield of k and the transcendence degree of k over L is infinite. If Y is an
irreducible (that is, the Zariski-closure Y of Y is irreducible) constructible subset of kn defined over L, then there exists a generic
pointy for Y over L andy ∈ Y .
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Proof. The set Y is invariant under the action of the Galois group Gal(k/L) of k over L. By [10, Lemma 3.10.11] the Zariski
closure Y of Y is defined over L. Let h1, . . . , hm ∈ L[x1, . . . , xn] be generators of the ideal of the polynomials vanishing
on Y . Then L[x1, . . . , xn]/(h1, . . . , hm) is a domain and its field of fractionsL = (L[x1, . . . , xn]/(h1, . . . , hm))0 has finite
transcendence degree over L. Hence there is an L-embedding of fields u :L −→ k. Letyi = u(xi), where xi is the image of xi
inL, for i = 1, . . . , n. Theny = (y1, . . . ,yn) is a generic point for Y over L. Since Y is defined over L it follows thaty ∈ Y . 
Lemma 3.4. Let Y be an irreducible Zariski closed subset of kn defined over L, L algebraically closed. Assume that there is a generic
pointy for Y over L. If Z is a constructible subset of Y defined over L andy ∈ Z, then Z contains an open dense subset of Y defined
over L.
Proof. The set Z is invariant under the natural action of the Galois groupGal(k/L). By [10, Lemma 3.10.11] the Zariski closure
of Z is defined over L. If h is a polynomial function with coefficients in L and h vanishes on Z then h(y ) = 0 hence h is zero
on Y . Thus Z is dense and the assertion follows since Z is constructible and defined over L. 
Proof of Theorem 1.1. Without loss of generality, we can assume that X is a Zariski-closed subset of kn. Let A = k[X]
⟨T1, . . . , Ts⟩/(F1, . . . , Fr).
Let L ⊆ k be the algebraic closure of the field of definition of X ,U and F1, . . . , Fr . Then k has infinite transcendence degree
over L. Letx ∈ X be a generic point of X over L. Since U is an open dense set defined over L it follows thatx ∈ U .
Given a natural number m we denote byMm (resp.M≤m,M<m) the set of monic monomials in k⟨T1, . . . , Ts⟩ of degree
equal to (resp. less than or equal, less than)m.
Given two natural numbersm, d let Vm,d be the set of the elements x ∈ X such that, for anymonomial τ ∈ Md, there exist
aτµ, b
τ
j,ν,ν′ ∈ k, for µ ∈ M<d, j = 1, . . . , r and ν, ν ′ ∈M≤m such that
τ =

µ∈M<d
aτµµ+
r
j=1

ν,ν′∈M≤m
bτj,ν,ν′νF
x
j ν
′
in k⟨T1, . . . , Ts⟩.
Observe that every elementH of the ideal generated by F x1 , . . . , F
x
r can bewritten in the form
r
j=1

ν,ν′∈M≤m bj,ν,ν′νF
x
j ν
′
for suitablem and bj,ν,ν′ ∈ k. Let us call the least suchm the (F x1 , . . . , F xr )-complexity of H .
The fact that x ∈ Vm,d is equivalent to the existence of a solution of a system of linear equations, whose coefficients
depend regularly on x ∈ X . By Lemma 3.1(a), each Vm,d is a constructible set defined over L.
It follows from our assumptions and Lemma 3.2 that
U ⊆
∞
m,d=1
Vm,d
hencex ∈ Vm,d for somem and d.
By Lemma 3.4 this Vm,d is dense in X and Lemma 3.1(b) yields that there exists h ∈ k[X] and aτµ, bτj,ν,ν′ ∈ k[X]h, for
µ ∈M<d, j = 1, . . . , r and ν, ν ′ ∈M≤m, such that
τ =

µ∈M<d
aτµµ+
r
j=1

ν,ν′∈M≤m
bτj,ν,ν′νFjν
′
in k[X]h⟨T1, . . . , Ts⟩, for τ ∈Md.
Then everymonomial τ in k[X]h⟨T1, . . . , Ts⟩ of degree d is equal to a k[X]h-linear combination of themonomials of degree
less than d, modulo the ideal generated by F1, . . . , Fr .
It follows that the localizationAh is generated by the cosets of themonomials of degree less than d as a k[X]h-module. 
4. Applications to generalized CB-degenerations
In this section, we apply our main result to the concept of generalized CB-degenerations of algebras. We recall
[7, Definition 2.2] that given k-algebras A0 and A1, the algebra A0 is a generalized CB-degeneration of the algebra A1, if there
exists an affine variety X and a k[X]-algebraA such that
(a) A is finitely generated as a k[X]-module,
(b) there exists a dense, open subset U ⊆ X such that
(i) Ax ∼= A1, for x ∈ U ,
(ii) Ax0 ∼= A0 for some x0 ∈ X \ U .
In this situation we say that an algebra A0 is a generalized CB-degeneration of an algebra A1 along the variety X by the use of
the algebraA. We say that the degeneration A0 of A1 is defined by the collectionD = (A, X,U, x0).
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The concept generalizes the notion introduced by Crawley-Boevey in [2]. A motivation for such generalization comes for
instance from applications in [8].
Our aim is to give in Corollary 4.3 a sufficient condition for a generalized CB-degeneration to be a classical degeneration;
this is a result in the spirit of [3]; see also [6].We replace the assumption (a) in the definition of generalized CB-degeneration
by another condition on the k[X]-module structure of A, provided the field k is large enough. We also assume that X is a
nonsingular affine curve.
Recall that classical degenerations are defined for algebras A1, A0 of the same dimension; see [4,5]. Let γ0 be a system of
structure constants of A0 treated as a point of the variety of algebras of suitable dimension. Then A0 is a classical degeneration
of A1 if γ0 belongs to the Zariski-closure of the set of points corresponding to algebras isomorphic to A1.
We precede the result by a general lemma.
Lemma 4.2. Assume that S is a commutative Noetherian domain and M is an S-module such that the localization Mg = M ⊗ Sg
is a free Sg -module of finite rank r for some nonzero element g ∈ S. Let f ∈ S be an element such that the ideal (f ) generated by
f is maximal and M has no f -torsion elements, equivalently TorS1(M, S/(f )) = 0. Denote S/(f ) by k. Then
(a) dimk M/fM ≤ r,
(b) if dimk M/fM = r then there is a element h ∈ S \ (f ) such that Mh is a free Sh-module.
Proof. Assume that the fM-cosets m1, . . . ,md of elements m1, . . . ,md ∈ M form a k-basis of M/fM . Denote by M ′ the
submodule ofM generated bym1, . . . ,md andM ′′ = M/M ′.
The elementsm1, . . . ,md are linearly independent over S. Indeed, otherwise
f1m1 + · · · + fdmd = 0
inM for some f1, . . . , fd ∈ S. SinceM has no f -torsion elements we can assume that f does not divide fi for some i and then
the cosetsm1, . . . ,md are linearly dependent over k, a contradiction. ThusM ′ is a free R-module of rank d.
Localizing the canonical short exact sequence
0−→M ′ u−→M−→M ′′−→0 (∗)
with respect to g we obtain the exact sequence
0−→M ′g
ug−→Mg−→M ′′g−→0 (∗g )
of Sg-modules.
The assertion (a) follows since the Sg-rank ofMg (equal to r) is greater than or equal to the Sg-rank ofM ′g (equal to d).
(b) In the case r = d the Sg-modulesM ′g andMg are free of the same finite rank r , thusM ′′g is a finitely generated torsion
Sg-module. There exists an element g1 ∈ S (a multiplicity of g) such that every element ofM ′′ is annihilated by g1.
The exact sequence (∗) induces the exact sequence of k-spaces:
TorS1(M, S/(f ))−→TorS1(M ′′, S/(f ))−→M ′/fM ′ u−→M/fM−→M ′′/fM ′′−→0
and TorS1(M, S/(f )) = 0 by the assumption. By the choice of m1, . . . ,md the homomorphism u is injective and therefore
TorS1(M
′′, S/(f )) = 0, that is,M ′′ is f -torsion free. Since S is Noetherian, g1 /∈ (f l+1) for some natural number l. Assume that
g1 = f lh for some nonnegative integer l and an element h not divisible by f . Then, sinceM ′′ is g1-torsion it is also h-torsion
and localizing with respect to hwe get an isomorphismM ′h
uh−→Mh. ThusMh is free of rank d = r . 
Corollary 4.3. Assume that k has infinite transcendence degree over its prime subfield. Consider finite dimensional k-algebras A0
and A1 such that dimk A0 = dimk A1. Let X be a nonsingular affine curve, U an open dense subset of X and x0 ∈ X \ U. LetA be
a finitely presented k[X]-algebra such that
(i) Ax ∼= A1 for all x ∈ U,
(ii) Ax0 = A0.
(iii) A is mx0-torsion free, where mx0 is the ideal of regular functions on X vanishing at x0.
Then A0 is a classical degeneration of A1.
Proof. The algebra k[X] is a Dedekind domain. We shall apply the following well-known fact: if M is a finitely generated
module over a Dedekind domain S, then there is an element f ∈ S such that the localizationMf is a free Sf -module. Hence
we can assume that the ideal mx0 is principal. Thanks to Theorem 1.1, there exists a nonzero element h ∈ k[X] such thatAh
is a finitely generated k[X]h-module. Localizing again, if necessary, we can assume thatAh is a free k[X]h-module. Thanks to
the assumption (iii) and Lemma 4.2, the element h can be chosen outside mx0 . Then the collection (Ah, Xh,Uh, x0) defines a
generalized CB-degeneration of A1 to A0. By Theorem1.1 in [7] it is also a classical degeneration, since dimk A0 = dimk A1. 
194 A. Hajduk, S. Kasjan / Journal of Pure and Applied Algebra 217 (2013) 190–194
5. Final comments
We could omit the assumption on the transcendence degree in Theorem 1.1 provided the answer to the following
question is positive:
Question 5.1. Does there exists a function βk : N−→N (depending on the field k, possibly) such that for any natural numbers
p, r, s, any elements F1, . . . , Fr ,H of the free associative algebra B = k⟨T1, . . . , Ts⟩: if H belongs to the two-sided ideal generated
by F1, . . . , Fr and the degrees of F1, . . . , Fr and H are less than or equal to p, then the (F1, . . . , Fr)-complexity of H defined in the
proof of Theorem 1.1 is less than or equal to βk(max{s, r, p})?
The answer to Question 5.1 is unknown to the authors. It seems to be nontrivial. Note that there is no such function
β independent on k and recursive. Indeed, otherwise we would have an algorithm for ideal membership problem in
noncommutative algebras, which is known to be impossible in general [9].
Remark that an analogous question in the commutative case has a positive answer thanks to theory of Gröbner bases.
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